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Abstract 

In a recent letter by Ying et al. [Inf. Process. Lett. 104 (2007) 152-158], it 
has shown some sufficient conditions for commutativity of quantum weakest 
preconditions. However, the sufficient and necessary condition for quantum 
weakest preconditions remains open. This letter presents a simple char- 
acterization of the commutativity of quantum weakest preconditions. We 
show that, two quantum weakest preconditions wp{£){M) and wp{£){N) 
commute if and only if the product wp{S){M) ■ wp{£){N) (or, wp{£){N) ■ 
wp{£){M)) is Hermitian. 

Keywords: Quantum program, Weakest precondition, Hermitian matrix, 
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1. Introduction 

Motivated by the famous quantum factoring algorithm [1] and searching 
algorithm [2], a substantial effort has been made to develop the theory of 
quantum computation. 

As mentioned in [3], quantum algorithms, currently, are expressed at the 
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very low level of quantum quantum circuits. However, there exist some work 
[4-8] to study the design and semantics of quantum programming languages. 
In particular, D'Hondt and Panangaden [9] introduced a notion of quantum 
weakest precondition an a Stone-type duality between the state transition 
semantics and the predicate transformer semantics for quantum programs. 

According to [8], quantum programs may be represented by super-operators. 
Following D'Hondt and Panangaden's approach [9], then, a quantum pred- 
icate is defined to be an observable, i.e., a Hermitian operator on the state 
space which can be viewed as a natural generalization of Kozen's probabilis- 
tic predicate as a measurable function [10]. 

Here, our main aim is to present a characterization, i.e., a sufficient and 
necessary condition, for the commutativity of quantum weakest precondi- 
tions. Concerning the significance of commutativity of quantum weakest 
preconditions, we refer to [3] (cf. [3], Paragraph 3). 

The remainder of the letter is organized in the following way: the next 
section is devoted to review some basic definitions and useful propositions 
where the main result is introduced. Section 3 is devoted to the proof of the 
main theorem and section 4 is the concluding section. 

2. Basic definition and main result 

Let H he a, Hilbert space. Recall that a density matrix p on 7^ is a 
positive operator with Tr(p) < 1^ where Tr is the trace function^. The set 
of density operators on T-L is denoted T)[T-L). A super-operator on a Hilbert 

^Following [8]. 

n 

^Let A = {aij)nxn be a matrix, then Tr(yl) = ^ au. 

i=l 
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space Ti is a linear operator £ from the space C{T-i) into itself which the 
following are satisfied 

• Tr[£'(/>)]<Tr(p) for each p £ V{n); 

• Complete positivity: for any extra Hilbert space Hr, {Ir S){A) is 
positive provided A is a positive operator on 7iR ®7i, where Ir is the 
identity operation on T-Lr. 

Following [3], the set of super-operators on H is denoted CV{'H). 
A quantmxL predicate on H is defined to be a Hermitian operator M with 
C C /, and the set of quantum predicates on T-L is denoted V{T-L). 

Definition 1 ([3], Definition 2.1). For any quantum predicates M,N € 
ViV.), and for any quantum program £ G CV{7i), M is called a precondition 
of N with respect to £, written M{£}N, if 

Tr(M/j) < Tv{N£{p)) 

for all density operator p £ V{T-L). 

Definition 2 ([3], Definition 2.2). Let M G ViU) be a quantum predi- 
cate and £ G CV{'H) a quantum program. Then the weakest precondition 
of M with respect to is a quantum predicate wp{£){M) satisfying the 
following conditons: 

1. wp{£){M){£}M; 

2. for all quantum predicates N, N{£}M implies N C wp{£){M). 

The following Kraus operator-sum representation [11] of wp{£) is needed 
in the sequel. 

■^The C denotes the Lowner ordering, i.e., A\Z B il B ~ Ais & positive operator. 
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Proposition 1 ([3], Proposition 2.1). Suppose that 8 € CV{'H) is rep- 
resented by the set {Ei} of operators. Then for each M G 'P{%), we have 

wp{£){M) = ^ElMEi. 

i 

Also, we have the following intrinsic characterization of wp{£), attributed 
to Ying et al. [3] , in the case that £ is given by a system-environment model^. 

Proposition 2 ([3], Proposition 2.2). If £ is given in terms of system- 
environment modeP , then we have 

wpi£){Ad) = {eo\WPiM (^lE)PU\eo) 

for each M € V{'H), where Ie is the identity operator in the environment 
system. 

We now turn to the formal definition of Commutativity for two opera- 
tors. In general, for any two operators A and B on it is said that A and 
B commute if AB = BA [3]. In the sequel, what we concern is that: given a 
quantum program £ G CV{T-L), when do wp{£){M) and wp{£){N) commute? 

Here is the main result of this letter. 

Theorem 3. Let M, N £ V{T-L) he two quantum predicates, and £ € C'P{7i) 
a quantum program. Then wp{£){M) andwp{£){N) commute iff the product 
wp{£){M) ■ wp{£){N) (or, wp{£){N) ■ wp{£){M)) is Hermitian. 

''See [3]. 

^See [3], Eq. (1). 
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3. Proof of the main Theorem 

To show the Theorem 3, the following Lemma is needed. 

Lemma 4. Let M G V{'H) he a quantum predicate, and let £ € CV{T-i) he 
a quantum program. Then wp{£){M) is Hermitian. 

Proof. Let A denote wp{£){M), then by proposition 1, 



Now, we can present the proof of Theorem 3 as follows. 

Proof of Theorem 3. Let A denote wp{£){M) and B denote wp{£){N), 
respectively. Then we show first the "if part of the Theorem. 
If AB is Hermitian, i.e., (AB)"^ = AB, then 




A 



as required. 



AB 



{AB)^ = B^A^ 



= BA 



(by Lemma 4) 



We show next the "only if part of the Theorem. 



Assume that A and B commute, i.e., AB = BA, then 



(AB)^ 



BA 



(by Lemma 4) 



= AB 



(by Hypothesis) 



as required. Theorem 3 follows. 
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4. Conclusions 

In this letter, we give a characterization of the commutativity of quantum 
weakest preconditions. We show that, two quantum weakest preconditions 
wp{S){M) and wp{£){N) commute if and only if the product wp{£){M) ■ 
wp{£){N) (or, wp{8){N) ■ wp{£){Ad)) is Hermitian. This answers an open 
problem of Ying et al. [3] . But our characterization is not in terms of [M, N] , 
i.e., the commutator of M,N € V{'H). At the same time, the infinite- 
dimensional counterpart of the above question which proposed originally by 
Ying et al. [3] remains open. It is our further work to consider this problem. 
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